Quantitative modelling of viscoelasticity of isotropic fibrous composites with viscoelastic matrices  by Cottenden, David J. & Oyen, Michelle L.
THEORETICAL & APPLIED MECHANICS LETTERS 1, 052006 (2011)
Quantitative modelling of viscoelasticity of isotropic ﬁbrous composites
with viscoelastic matrices
David J. Cottenden,a) and Michelle L. Oyenb)
Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, UK
(Received 18 May 2011; accepted 10 June 2011; published online 10 September 2011)
Abstract Despite the wide usage of isotropic ﬁbrous composites with a viscoelastic polymer matrix,
no analytic model for their mechanical behaviour is known. This paper develops such a model
for time-dependent Young’s modulus, showing that for typical constituents the time constants of
composites are up to about 6% greater than the matrix shear time constant. Viscoelasticity is
strongly suppressed for stiﬀ ﬁbres even at modest ﬁbre volume fractions. Comparison with known
results for particle and oriented ﬁbre composites conﬁrms isotropic ﬁbrous composites as between the
two in terms of viscoelastic behaviour, but more similar to the latter. c© 2011 The Chinese Society
of Theoretical and Applied Mechanics. [doi:10.1063/2.1105206]
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Polymer-based composites are very ﬂexible, conﬁg-
urable materials, leading to their increased usage in a
wide range of applications, such as aeronautical and
automotive components. This has naturally fuelled a
fresh interest in eﬀective modelling of such materials
in the attempt to engineer optimal structures. One of
the characteristic properties of the polymers commonly
used in the matrices of such composites is viscoelastic-
ity, a feature which can be either a boon or a curse in
the ﬁnal composite: it allows concentrated stresses to
relax, but creep of structural components can lead to
their ceasing to fulﬁl design requirements even without
failing peruse. Although Hashin published a method
for modelling linear viscoelastic composites using the
Laplace transform in 1965,1 explicit, quantitative mod-
els have been developed for only a very limited set of
composite phase geometries. No such model has been
developed for isotropically oriented elastic ﬁbres in a
standard linear solid matrix, which—given the wide ap-
plicability of this composite geometry—represents an
important gap in the current literature. This work ﬁlls
that gap, provides a quantitative, analytic model for the
viscoelastic behaviour of such a material.
Only two phase geometries are known by the au-
thors to have been fully modelled in the viscoelas-
tic case: oriented ﬁbres2 (extending Hashin’s early
work3) and homogeneous particles.4 The models are
very similar in form, assume a matrix which behaves
as a standard linear solid in shear (see Ref. 5) and is
time-invariant under hydrostatic stress. Both use the
viscoelastic-elastic correspondence principle (see Ref. 6
or others) to transform the elastic material constants
into viscoelastic, time dependent material functions.
These two models are useful, but do not address the
case of isotropic ﬁbres. Christensen and Waals6 pub-
lished a method in 1972—based on a simple orienta-
tional average—for obtaining the elastic properties of
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an isotropic ﬁbrous composite directly from those of an
oriented ﬁbre composite. This argument is purely ge-
ometric, so applies equally to viscoelastic as to elastic
constituents. The present work uses Christensen and
Waals’ approach to develop an explicit model for an
isotropic ﬁbrous composite with a viscoelastic matrix
based on the work of deBotton and Tevet-Deree on ori-
ented ﬁbres.2 The model predicts eﬀective Young’s mod-
ulus in relaxation as a function of time, for illustration
it is applied to a range of plausible polymer-stiﬀ ﬁller
composites containing isotropically oriented ﬁbres.
Five elastic constants are required to describe trans-
versely isotropic linear materials, but depending on con-
text, various sets of ﬁve are most suitable. The mod-
uli described viscoelastically by deBotton and Tevet-
Deree2 are diﬀerent from those required by Christensen
and Waals’ procedure,6 so for clarity the force laws and
the relationships between the moduli should be stated.
Hill7 and Hashin and Rosen8 (from whom deBotton and
Tevet-Deree drew their elastic results) described their
transversely-isotropic materials with
(σxx + σyy)/2 = k(xx + yy) + lzz, σxz = 2μxz,
(σxx − σyy) = 2m(xx − yy), σxy = 2mxy,
σzz = l(xx + yy) + nzz, σyz = 2μyz,
(1)
where  and σ are strain and stress, respectively, and the
ﬁbres’ axes are in the z direction; these equations de-
ﬁne the ﬁve elastic parameters. Moreover, deBotton &
Tevet-Deree produced viscoelastic expressions for these
quantities; their expressions and Christensen & Waals’
equation are given in the supplemental material.
Two diﬀerent model materials have been used in
this work for the stiﬀ (elastic) phase, one representa-
tive of ceramics or carbon ﬁbres, and the other approx-
imating glass or para-aramids (such as Kevlar). The
calculated curves have then been ﬁt with the simple ex-
ponential decay curve
E(t) = E0[f + (1− f) exp(−t/τ)], (2)
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Fig. 1. Summary graphs for (a) the time constant nor-
malised by the matrix shear time constant (τˆ := τ/τG,m) and
(b) composite relaxation elastic fraction (f := E(∞)/E(0)).
corresponding to a standard linear solid, yielding overall
composite time constants (τ) and elastic fractions (f)
for the eﬀective Young’s modulus (E(t)). All virtual
composites considered in this work have a matrix with
bulk modulus Km = 3 GPa and an initial shear modu-
lus of G
(0)
m = 0.5 GPa (typical for engineering polymers)
along with much stiﬀ ﬁllers. The ﬁllers (Kf , Gf) and
the viscoelastic behaviour of the matrices are speciﬁed
in Table 1. Overall relaxation curves of Young’s modu-
lus with time have been calculated and ﬁtted to Eq. (2)
(negligible error in all cases); the time constants τ and
elastic fractions f = E(∞)/E(0) are noted. These re-
sults are summarised in Fig. 1.
The elastic fraction results are in agreement with
qualitative expectations: the modulus of a ﬁbrous com-
posite would be expected to be principally determined
by the properties of the ﬁbres (so long as they are much
stiﬀer than the matrix), as is indeed seen for all com-
positions with stiﬀ ﬁbres (A, C, and D). The eﬃcacy
of stiﬀ isotropic ﬁbres at suppressing viscoelastic be-
haviour (even for highly viscoelastic matrices, for exam-
ple speciﬁcation D) should be noted and emphasized.
No simple prediction for eﬀective composite relax-
ation time constants is possible since—though there is
only one viscoelastic time constant—time constants are
essentially undeﬁned for elastic materials. It is there-
fore not transparently valid to assert that in the ab-
sence of other relevant time scales those of the com-
posite must reﬂect those of the matrix. The model de-
veloped here shows that the relaxation time constants
in all cases exceed the relaxation time constant for the
matrix in shear, though (up to 50% volume fraction of
ﬁbres) never by more than 6%, and for the stiﬀer ﬁ-
bres considered never by more than about 3.5%. It is
interesting that for the stiﬀer ﬁbres there is always a
minimum in the time constant at non-zero ﬁbre volume
fraction. Overall, for ﬁbres which are much stiﬀer than
the matrix the time constant of the composite’s Young’s
modulus in relaxation is larger than the time constant
of the shear relaxation of the matrix, but only by a few
percent.
It is helpful to compare the viscoelastic behaviour
of isotropic ﬁbrous composites with that of particle
composites and oriented ﬁbre composites (in the ﬁbre
direction) with the same constituents and ﬁller vol-
ume fractions. The Young’s moduli of these two other
conﬁgurations are known to bracket the behaviour of
isotropic ﬁbrous composites; the relative behaviour of
their Young’s modulus elastic fractions and relaxation
times is not known. Both of these have been determined
by using existing models for the elastic constants.2,4
Comparing the time constants for all three phase ge-
ometries (Fig. 2(a)), we know clearly that there is no
coherent “ranking” that applies for all material combi-
nations, and that the ranking would in any case change
with volume fraction. What is striking is that the prop-
erties of composites containing stiﬀ and relatively com-
pliant ﬁller (speciﬁcations A and B) converge through
the series “particles – isotropic ﬁbres – oriented ﬁbres”;
that is, the time constants for particle reinforced com-
posites depend strongly on the ﬁller properties, whereas
those of the oriented ﬁbre composites do so very little.
The situation for elastic fractions (Fig. 2(b)) is much
simpler and amenable of ready explanation. Through
the series “particles – isotropic ﬁbres – oriented ﬁbres”
the elastic fraction increases, corresponding to increas-
ing proportions of applied load being borne by the elas-
tic ﬁller phase due to more eﬀective strain transfer be-
tween the phases.
It is important to note that all calculations in this
work have used standard force laws (Eq. (1)); deBotton
and Tevet-Deree2,4 used unusual non-linear force laws,
but drew their elastic parameters from papers7–10 which
had used the usual linear force law.
This work has developed a quantitative model for
the viscoelastic behaviour of an isotropic ﬁbrous com-
posite with elastic ﬁbres and a standard linear solid
matrix, complementing existing models and providing
a tool to describe a very widely-applicable class of ma-
terials. The Young’s modulus time constants of practi-
cal polymer composites in relaxation have been shown
always to exceed the matrix shear relaxation time con-
stant, but never by more than a few percent. Further,
in keeping with qualitative ideas about the behaviour of
this phase geometry, elastic ﬁbres have been shown to
be very eﬀective at suppressing viscoelasticity in even
a highly viscoelastic matrix, in addition to providing
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Table 1. Speciﬁcations of the materials for each of the virtual composites for which calculations were run; fm :=
Gm(∞)/Gm(0) is the matrix elastic fraction for shear.
Composition code Characteristics Matrix G(∞)/G(0) Filler K/GPa Filler G/GPa
A Stiﬀ, medium fm (VE) 0.5 300 150
B Compliant, medium fm (VE) 0.5 30 15
C Stiﬀ, large fm (“elastic”) 0.8 300 150
D Stiﬀ, small fm (“viscous”) 0.2 300 150
Fig. 2. Comparisons between the (a) time constants and (b) elastic fractions of isotropic ﬁbres, oriented ﬁbres, and particles
for the same material properties.
substantial stiﬀening. Comparing isotropic ﬁbre com-
posites with other common phase geometries (with the
same materials and volume fractions), we know clearly
that they are intermediate between oriented ﬁbre and
particle composites in terms of elastic fraction, but more
akin to the former. No strong, general, comparative
statements can be made about composite time con-
stants for diﬀerent phase geometries.
This modelling approach should be of considerable
value for applications where isotropic mechanical prop-
erties are required, along with stiﬀness and strength
which particle composites cannot provide.
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APPENDIX
The equations of deBotton and Tevet-Deree2 and Christensen and Waals7 are quite long and thus were not
stated in the main text. They are given here for completeness. Some of the notations used by these authors have
been changed to avoid excessively decorated symbols which were not needed in this work for clarity. The notations
of deBotton and Tevet-Deree relate to the present notations by k ⇔ k˜T , l ⇔ l˜, m ⇔ μ˜HST , n ⇔ n˜, and μ ⇔ μ˜L.
Christensen and Waals’ notations relate to those used in this paper as m ⇔ μ23, k ⇔ K23, and μ ⇔ μ12; other
notations are in harmony.
The expressions for the various viscoelastic parameters used in this work are as follows. All variables are deﬁned
in the main text or here; a superscript (∞) or (0) indicates that the value of a quantity should be computed by
using the long-term or initial value of the matrix shear modulus, respectively. Apart from the simpliﬁcations noted
in the main text, deBotton and Tevet-Deree’s2 notations have been changed as little as possible to avoid confusion.
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Christensen and Waals’ formula for the isotropic Young’s modulus is as follows, where Ezz = n − l2/k and
νz = l/(2k) are deﬁned in the main text.
E =
[Ezz + (4ν
2
z + 8νz + 4)k][Ezz + (4ν
2
z − 4νz + 1)k + 6(μ+m)]
3[2Ezz + (8ν2z + 12νz + 7)k + 2(μ+m)]
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